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XXXIL. dn Invefligation of ihe Principles of progreffive
and rotatory Motion. By the Rev. 8. Vince, 4. M. of
Sidney College, Cambridge. Communicated by George
Atwood, 4. M. F.R. S.

Read June 15, 1780,

HE communication of motion from impa& ig
well known to conflitute a confiderable part of

that branch of natural philofophy called mechanics ;
and as all our enquiries therein are direfted, either
to affift us in thofe operations which add to the con-
veniences of life, or to explain, for the fatisfallion
of the mind, thofe changes which we daily fee arife
from the effects of bodies on each other, it might na-
turally have been expected that the attention of philo-
fophers would have been engaged, firft in the invefti-
gation of fuch cafes as moft frequently occur from the
accidental aétion of one body on another, before they
had proceeded to others lefs obvious. A little con-
fideration will convinceany one how feldom it hap-
pens, in the collifion of two bodies, that their centers
of
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Mr, vINCE's Invefligation, &e. 547
of gravity and point of contact lie in the line of direc<
tion of the ftriking body, yet few writers on mechanics
have extended their enquiries any further than this {im-
pPle cafe. It muft however be acknowledged, that
the action of bodies on each other, in direétions #o?
pafling through their center of gravity, affordsa fub-
ject at leaft curious in {peculation; for my own part,
I have little doubt but that it might be rendered ex-
tremely ufeful to the pratical mechanic. 1. BERNOULLI
was the firft who publifhed any thing on this fubject.
He found the point about which a body at reft would
begin to revolve when ftruck by another body, obferv-
ing however that p. BERNouLLI had alfo difcovered the
fame : he has alfo mentioned the curve defcribed by
that point in the progreffive motion of the body, and
has directed a method of enquiry by which the veloci-
ties of the bodies may be found after the ftroke, which
comprehends all he has done on the fubject. Two years
afterwards p. BERNOULLI publithed a paper on progref-
five and rotatory motion, containing nothing more than
what 1. BERNoULLI had before given us, and, what is a
little extraordinary, fays in the introdution, de ta/i
quidem percuffione nibil adbuc, quantum fcio, publicijuris
faltum fuit ab iis, quide motu corporum a percuffione ege+
runt. EULER has al{o inveftigated the velocities of the

Vor. LXX. 4 C bodies
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bodies after impact in a manner fomewhat different, but
has rendered it much more intricate by a fluxional cal-
culus. To any one, however, who attentively confiders
the {ubject, the theory muft ftill appear to be extreme-
ly imperfect, as, independent of principles not more
felf-evident than the propofitions they are intended to
demonftrate, which both 1. and p. BERNOULLI have af-
fumed in their inveftigations,a great variety of other cir-
cumftances equally interefting n aturallyarifein an enquiry
into this matter, circumftances abfolutely neceflary to-
wards underftanding the principles of the motion of the
bodies after impact. ‘This induced me to confider the
fubject with fome attention, and prefuming that 1 have
not been altogether unfuceefsful in my endeavours to
render the theory more perfet, I determined to lay the
refult of my enquiries before the Royal Society. 1
thought it expedient, for the {ake of perfpicuity, to di-
vide the whole into diftin¢t Propofitions; and as the
moft fimple cafes are beft underftood, I have firft con=-
fidered the cafe of the ation of a body on a lever hav-~
ing a corpufele at each end: and I was the more in-
duced to treat the fubject in this manner, as moft of
the princtples can be immediately applied to any num-
ber of corpuicles, in confequence of which the gene-
ral inveftigations are rendered more eafy and {atisfac-

tory.
PROP
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PROP L

Let A and B be two indefinitely fmall bodies connelled by a
lever void of gravity, and fuppofe a force to act at any
point D perpendicularly to the lever, to find the point about
wbich the bodies will begin to revolve,

From the property of the lever, the effect of the
force acting at » (fig. 1.) on the body A is to the effect
on B as BD : AD ; hence the ratio of the {paces Az, By,

defcribed by the bodies A and B in the firft inftant of

B
their motion, will be as —— D f—D ; join mm, and if ne-

ceflary produce that line and AB to meet in ¢, which
will manifeftly be the point about which the bodies be-
gin to revolve. Hence from fimilar figures Bc: AC::

(ocBn) — (ocAm) :AXAD B xBD, Or DC—DB: AD +

A x AD*+B xBD*
BxBD—-AxAD ?

and therefore p is the center of percuffion or ofcillation

DC::AXAD:BxBD, and confequently pc=

to the point of fufpenfion c.

Cor. 1. Hence, whatever be the magnitude of the
{troke at p, the point ¢ will remain the fame.

Cor, 2. If the force acts at the center of gravity G,
the bodies will have no circular motion, for in this cafe
BxBD—AxAD=0, and therefore pc becomes infinite.

4C 2 Cor.
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Cor. 3. If the force adlts at one of the bodies, the
center of rotation ¢ will coincide with the other body.
Cor. 4. 1f the lever had been in motion before the
ftroke, the point c, at the inftant of the ftroke, would
not have been difturbed.

PROP I

Let a given quantity of motion be communicatedto the lever
at », to determine the velocity of the center of gravity 6.

The fpace am, defcribed by. the body a in the firfk

. . . DB
inftant of motion, is as —: now cG=CcD~DG=CD =

_AXAD'+BxBD* __BxBDxBG+AxADXAG
AG+AD= 3 g5 A xap ~AG+HAD= BExBD—Ax AD

o _ KX AD*4BxBD? _ BxBDXAB

glfo CA=CD+ DA = Jgp-axap FPAT SXED—AXAD’

B x BD x AB , BD ..
hence we have grer—rrag (ac) 2 - (erma)s

B x BD x GB_+AxADxAG( . BxBDxGB+AxAD X AG
" BxBD-AxAD ) A xBxAB

velocity of the center of gravity : hence if the motion be

Bx GB’ +AxAG*
communicated at G, the velocity becomesas—x——;;—xﬁg—

Let now the motien, which. is {fuppofed to be actually
communicated to.the rodat b, be equivalent to the mo-
tion of a body whofe magnitude is @, and moving with a
velocity v ; then if thatmotion be communicated at a,
the velocity of the center of gravity is well known to be

—
=

«Gw the
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_Gxw, hence BxBG 4+AxAG* . BxBD xBG+AxADxAG .
A+B’ A xBXAB T A xBxAB ¢

Gxv Gxwvw BxBGxBD+AxADXAG
A+B'Ax % BxBG'+Ax AG

center of gravity, when the fame motion is actually com-

= the velocity of the

municated to any point p. Now BD =BG + GD, and
AD=AG—GD; hence B x BG x BD+Ax ADx AG =B x BG® +
AxAG'+GDx BxBG—Ax AG.= (becaufe Bx BG—Ax AG=0)

B x BG* + A x AG"; confequently the velocity becomes

-——_—G — M . .
A_:;; and hence the center of gravity moves with the
fame velocity, wherever the motion is communicated.

PR OP. I

Let a given elafiic body ®, moving with a given velocity,
be [uppofed to firike the lever at the point D in a direc-
tion perpendicular to it 5 to determine the velocity of the
center df gravity G after the firoke.

Suppofe firft the bhody te be npn-elaftic; and let v be
thevelocity of the center of gravity after the.ftroke upon
that fuppofition, and v the velocity of the ftriking

body : then c6 :chi:w: 2 = the veletity of the

point b after the ftroke, or of the body r; for the

o %X CA ) meB
o and

and B refpectively. Now, becaufe in revolving bodies,
the

fame reafon equal the velocities of A
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the momenta, arifing from the magnitude of the bo-
dies, their diftance from the center of rotation and ve-

locity conjointly, remain the fame after the flroke as

s . 2xXCD*xP  oxCA*xA
before, we fhall have Px VxDC=—g— + —5—— +

» x CB* x B PxVxDCxCG -
cG PxDC"+AxAC‘+BxB(‘.‘,’_
PxVxCG _

AFBxCG+PxDC

ngxVxCG

‘ all have —=—=-"—"="_ for the velocity of the
we fhall A+BxCG+PxDC € Y

center of gravity after the ftroke, iz ipfo motis initio.

, and therefore v =

; hence if p be fuppofed an elaftic body,

PROP. 1IV.

To determine the motion of the bodies after the firft infiant,
or ‘when they are left to move freely by themfelves.

The writers on mechanics, from confidering the
equality of motion on each fide the center of gravity,
when a body revolves about that point, have inferred,
that if a body had a projectile as well as'a circular mo-
tion communicated to it, the center of gravity would
continue to move in a right line, as that point would
not be difturbed by the rotatoty motion: yet, "as, in
the cafe we are now confidering, the bodies begin to re-
volve about a different center, it may be proper to exa-

mine more accurately into this matter, and to thew from
what
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what principle it is that the motion of the center of gra-
vity is preferved in a right line.

Let a motion perpendicular to the rod be communi-
cated to A (fig. 2.) and then by Cor. 3. Prop. I. B will
not be difturbed by fuch an action; and a will in the
firft inftant have atendency to revolve about B as a cen-
ter, and would ac¢tually defcribe the arc an, if the body
B were fixed : let the angle ABH be fuppefed infinitely
fmall, and let Gk be thearc, the center of gravity would
have defcribed, and draw the tangents AF, Gg to the
arcs AH, Gg refpectively. Now, if a could have moved
freely; it would (becaufe: AF =AH) have defcribed AF in
the fame time the arc Ar was defcribed, upon {uppofi-
tion that B was fixed; for the radius Ba being perpen-
dicular to the circular arc AH, the force of the lever
could have no efficacy to accelerate or retard the motion
of A in the arc AH, and therefore the velocity in that
arc is the fame as it would have been if - it had moved
freely in the tangent: hence HF is that {fpace through
which the centrifugal force of a would have carried that
body, could it have moved freely ; butas ais conneted
to 8 by means of the lever, it is manifeft that the fame
force which would have carried A from H to F in the
dire&tion of the lever, will, when it has both bodies

to move, carry it over a {pace which isto FH as A:A+B,
or
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or as Bg' : BH, or as gk : FH; hence that {pace, or the
fpace through which the centrifugal force of a will
draw the lever in the direétion BH, is equal to K¢ ; that
is, the point K, which is the center of gravity of a
and B, will be found at g, and confequently the center
of gravity has preferved its motion uniform in the right
line Gg, inafmuch as the centrifugal force, acting per-
pendicularly to the direction of the center of gravity,
can neither accelerate or retard its motion. In the fame
manner it may be proved, that the motion of the center
of gravity is continued uniform in the fame right line,
whatever be the pofition of the lever. Moreover, as
the centrifugdl force alts in the direction of the lever,
it cannot alter its angular velocity, which will therefore
remain as iz ipfo motis initio. 1f now we fuppofle
that to the force imprefled upon a, two other equal
accelerative forces be communicated to A and B at
the fame time, itis evident that no alteration can arife
from the actions of the bodies on each other; and the
cafe will then be fimilar to the motion of the bodies,
{fuppofing a fingle force had been imprefled at any point
p. The like method of reafoning may be extended
to any number of bodies.
The fame thing may alfo eafily be demonftrated in
the following manner. The centrifugal forces of A
7 ‘ and
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and B (fig. 1.) are refpectively axac and BxBc; alfo
the centrifugal force of the point G, confidering it as
having both bodies to move in the direction of the rod,

is A+BxGC, but from mechanics Ax AC+BxBC=A+Bx
cc : hence the centrifugal forces of the bodies A and 5
give the center of gravity a centrifugal force equivalent
to its own centrifugal force, which, as the latter would
caufe that center to move in the tangent g, the lever
not being fixed at c, it is manifeft that the former will
caufe the center of gravity to continue its motion in the
fame direétion,

That this motion of the lever, in a dire&tion from
the center c, is the only motion which is communicated
to it from the effect of the bodies A and B is manifeft from
hence. The bodies begin to revolve freely about the
point ¢, and confequently if the point ¢ had been fixed,
the bodies would have moved on with a uniform angular
velocity about c; if therefore we fuppofe the lever not to
be fixed at ¢, asthe efficacy of the centrifugal force which
a&s in the dire¢tion of the lever is now fuffered to take
place, and no new external force is imprefled on ei-
ther of the bodies, itis manifeft, that if in the former
cafe the bodies had no efficacy to difturb the angular ve-
locity of the lever, they cannot have any in the lat-
ter, confequently the angular velocity, and from what

VoL. LXX. 4D has
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has been before proved, the uniform motion of the cen-
ter of gravity in a right line, remain unaltered, after
the commencement of the motion.

PROP. V.

In the time the bodies make one revolution, the center of
gravity will move over a [fpace equal to. the circumfer~
ence of a circle whofe radius is ¢G (fig. 1.)

From the laft Propofition,, the angular velocity of the
lever is econtinued uniform ; hence the time of a revo-
fution is juft thefame as if the point ¢ were fixed, and
the bodies were to continue to revolve about that point
as a center, in which cafe the center of gravity ¢, in
the time of a revolution, would evidently defcribe the
circumference ef a circle whefe radius is ec.. This
therefore is the fpace the center of gravity defcribes in
a right line when the bodies move freely, for from the
laft Propofition that center is carried uniformly forward
with the fame velocity.

Cor. 1. Hence if the magnitude of the force acting
at p vary, the velocity of the center of gravity will
vary in the fame ratio as the angular velocity..

Cor. 2. Hence the point p may be found, where a
force being applied, the bodies fhall make one revolu-

tion,
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tion, whilft the center of gravity moves over any
given fpace (5) : for let p = the periphery of a circle
whofe radius is unity, then p:1e:s: -;- = the-radius
of a circle whofe circumference is the {pace to be paffed
over in the time of a revolution, and which muft there-
fore, by the Propofition, be equal to 6c; the point ¢
therefore being determined, p may be eafily found, for
from mechanics cex DG is given; and from Cor. 3.

Prop. . when p comes to A, ¢ will coincide with s,

AGxGB
cG

: cGx GD=AGx GB, and confequently DG =

PROP VL

o determine the time of one revolutiony [uppefing every
thing given as in Prop. 111

The point p being given, we have from Cor. 2. to

the laft Propofition, ¢G = AGDEGB ; put w equal the cit-

cumference of a circle whofe radius is cG, and it appears
from the laft Propofition, that w is the {pace the center
‘of gravity paffes over in the time of one revolution ;

hence, becaufe from Prop. 1v. the center of gravity
2x VXPxCG

A+BxCG+PxDC
4D 2 b U

moves uniformly, we have by Prop. IIL.
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G . :
:xVxPxCG _ _ the time of one revolu-

LW I WX
A+BxCG+PxDC

tion.
Cor. Hence the angular velocity being inverfely as
i oy i i A+BxCG+P xDC
the time of a revolution, will vary as = 5 coaw

PR OP. VI

The point ¢, as the center of gravity meves forward, will
defcribe the common cycloid.

From the detcription of the common cycloid it ap-
pears, that the center of the generating circle-pafles over
a fpace equal to the circumference of that circle whilft
it makes one revolution. With the center ¢ (fig. 3.)
and radius Gc, defcribe the circle cxy, and draw cr, aw
perpendicular to ABc, and let the circle cxy be fuppofed
to revolve on the line cr ; then will the center ¢ move
over a {pace equal to the circumference of the circle
cxy whilft it makes one revolution, and the point ¢ will
defcribe the common cycloid : but from Prop. v. the
point G wi// move over a {pace equal to the circumfer-
ence of a circle whofe radius is cc, whilft the bodies,
and confequently cc, make one revolution ; and hence
the point ¢ will defcribe the fame curve as before, that is,
the common cycloid.

PR QP
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PR OP. VIIL

Let @ motion be communicated to the lever obliquely, to de-
termine the point about which the bodies begin to revolve.

LetFp (fig. 4.) reprefent the force communicating the
motion at the point b, which refolve into two others ra,
HD, the former FH parallel to the lever, and the latter HD
perpendicular to it. Let ¢ be the point about which the
bodies would have begun to revolve, had the force up
only acted, and which may be found by Prop.I: and
fuppofe in this cafe gz to have been the next pofi-
tion of the lever after the commencement of the mo-
tion, or that the bodies 4, R, and center of gravity c,
had been carried to #2, g and » refpectively. But as the
force Fuadls at the point p at the fame time in the direc-
tion of the rod, if we take Gg:Gg as FH:HD, then whilft
the center of gravity would have moved from ¢ to g in
confequence of the force HD, it will by means of the force
FH be carried in the dire&ion of the lever from G to g,
and alfo every other point of the lever will be carried in
the fame direétion with the fame velocity ; take there-
fore ap and Br each equal to Gg, and complete the pa-
rallelograms A4, Gw and BS, and the bodies a, B, and

center of gravity G will, at the end of that time, be
found
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found at ¢, 4 and w refpectively, and awé will be the
pofition of the lever. Now it is evident, that ¢ is not
the point about which the bodies begin to revolve, for
(confidering the lever to be produced to c) that point
mutft have moved over a {fpace c¢ equal to g7, when the
lever is come into the pofition @wé : draw co perpendi-
cular to cB, and Go. perpendicular to 6w, and o will be
the center of rotation at the commencement of the mo-
tion. For conceive co to be a lever, then the lever azsc
has a circular motion about ¢, whilft that pointis mov-
ing from c to ¢, and confequently the point o is carried
forward in a direction parallel to c¢ by this motion; but
as the lever co is carried by a circular motion about ¢
in a contrary direction, it is evident that that point of
the lever co multt be at reft where thefe two motions are
equal, asthey are in contrary directions. Now the ve-
locity of c in the diretion cc : velocity of about ¢ : :
Gq : Gg : : (by fim. triang.) co : cG, and the velocity of
the point ¢ about c : velocify of the point o aboutc::
cG : co; hence ex @gquo the velocity of c in the direc-
tion of cc, or of o in the diretion op parallel to ce, is
equal to the velocity of the fame point o in a contrary
direftion arifing from its rotation about ¢, and confe-
quently o being a point at reft, muft be the center of ro-
tation i1 ipfo motis initie. Allo, becaufe ma is equal
and
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and parallel to #5, ab muft be equal and parallel to 2,
therefore the angular velocity is juft the fame as if the
force Fu had not aéted. The center o of rotation at
the beginning of the motion being thus determined,
every thing relative to the motion of the bodies, after
they are at liberty to move freely, may be determined
as in the preceding Propofitions.

Cor, 1. Hence it appears, that whatever be the mag-
nitude or diretion of the force communicating the mo-
tion, or the point at which it aéts, the center of gravity
will move in a line parallel to the direction of the force,,
for the triangles ¥uD, Gqw being fimilar, ew muft be
parallel to ¥p.

Cor. 2. The fame is manifeftly true for any number
of bodies; for let (fig. 5.) E be a third body, and con~
ceive it to. be connected with the other two bodies A and
B in their center of gravity ¢; thenif rp reprefents the
force acting at the point p, it is evident from the laft
Carpl. and the fecond Prop. that the center of gravity
moves with the fame velocity and.in the fame direction,
as if the fame motion had been communicated at ¢ in 2
Iine rG parallel to Fp, and that the center of gravity has
the fame velocity communicated to it, as if the two bo-
dies had been placed at ¢ conceive therefore the bodies
& and’B to be placed at G, and let the force act'at p, and

3 then
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then from the laft Corol. the center of gravity g, of the
three bodies, will move in a line parallel to the direétion
of the force communicated. In the fame manner it
may be proved for any number of bodies.

SCHOLIUM.

The method here made ufe of to determine the point
of rotation #7 ipfo motds initio, when a fingle force a&ts
at any point D, may be applied, when any number of
forces act at different points at the fame time. For let
(fig. 1.) a, B, 9, &c. reprefent the forces acting on the
lever at the points b, E, F, &c. refpectively ; then from
the fame principles the effe¢t of all the forces on A :

] B
the effecton B : D 5t ap tapt e BD ot BF + &e.

which quantities put equal to ¢ and _refpedively, and
then —;; : %. :Am:Bn:: AC:BC, from whence it ap-

pears; that (putting Gc + GA = Ac ahd G¢ ~ GB =

AxQxAG +BxPxBG  ,
BxP_AxQ . The

fame conclufion might have been deduced from this
confideration ; that if any number of forces act on a

Bc) the diftance cc =

lever, the effect on any point of that lever is juft the
fame as if a force, equivalent to the fumof thefe forces,
had
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had acted at their common center of gravity, find there-
fore their common center of gravity, and conceive a
force equivalent to them all to be communicated to that
point, and the Problem 1s reduced to the cafe of the
firft Propofition. If any of the forces had acted on the
oppofite {ide of the lever, fuch forces muft have been
confidered as negative.

If there be any number of bodies placed on the lever,
and a fingle force aéts at b, it will appear from the {fame
principles that the pointc, about which they begin to re-
volve, will be the point of {fufpenfion to the center of per-
cuflion p ; and the fame conclufion will beobtained, if the
bodies benot fituatedin a ftraightline. As a direct invefii-
gation, however, is always to be preferred to conclufions
drawn from induction, it may be thought proper, before
we apply any of the foregoing principles to the cafeof the
a@ion of bodies upon each other by impact, to fhew
how fuch a direét inveftigation to determine the point
about which a body, having a motion communicated to
it, begins to revolve, may be obtained ; previous to
which, however, fome further confiderations are ne=~
ceflary.

Vor. LXX, 4L PROP
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PR OP IX.

If a force acts upon a body in any given direltion not paj~
Jing through the center of gravity; to determine the
plane of rotation, the direflion in which the center of

gravity begins to move, and its motion after.

Conceive a plane aysz (fig. 6.) to be fupported upon

a line aB pafling through its center of gravity 6, and
fuppofe a force to act at any point D in that line, andin
a direction perpendicular to the plane ; then it is mani-
feft, that fuch a force can give the plane no rotatory
motion aboutAB. Imagine now the fupport to be taken
away whilft the force is acting at p, then it is evident,
that as the plane had no tendency to move about AB as
an axis, and the taking away of the fupport can give it
no fuch motion, it will, by Cor. 2. Prop. vii1. begin its
progreflive motion in. the diretion in which the force
acts ; and as the force is fuppofed not to act at the cen-
ter of gravity, it muft at the fame time have a rotatory
motion about fome axis, which, as it has no motion
about AB, muft lie fomewhere in the plane, and per=-
pendicular to aB; and confequently ix ipfo motis initio.
the plane of rotation muit be perpendicular to the plane
AYBZ.
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AyBZ. Let LcM, perpendicular to aB, be the axis about
which the plane begins to revolye, and p, g be two equal
particles of the plane fimilarly fituated in refpect to aB,
alfo g, pa perpendicular to LcM.  Now the centrifugal
force of p, orits force in the diretion ap is pxap, and
that of g in the direétion 47 is ¢x g ; to determine now
how thefe forces will affet the motion of the plane, we
may obferve in the firft place, that the force pxap, at-
ing at @ in the plane, muft tend to give it a motion
about an axis perpendicular to the plane; butas an equal
force gx qb alts at g to give it a motion in a contrary di-
reftion, it is evident that the two forces will deftroy each
other, {o far as they tend to generate any motion in the
plane about an axis perpendicular to it; and hence it is
manifeft, that if the parts of the plane Ays, AzB, be
fimilar, and fimilarly fituated in refpect to AB, the plane,
after the commencement of the motion, will have no
tendency to revolve about an axis perpendicular to it,
Alfo, as the centrifugal force of each particle acts in a
direction parallel to aB, it can give the plane no ten-
dency to revolve about that line as an axis, and confe-
quently the plane of rotation will be preferved as iz 7p/o
motds initio. Conceiving therefore the plane on each
fide the line AB to be fimilar, and fimilarly fituated,
fuppofe another plane to be fixed upon this, whofe parts

4E 2 on
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on each fide AB are fimilar, and {imilarly fituated, and
the force to at as before, then it is manifeft, that as
each plane endeavours to preferve the fame plane of ro—
tation, the two planes connected will alfo continue to
move in the fame plane of rotation, for the a&ion of
one plane on another, on each fide the plane of rota-
tion, being equal, cannot tend to difturb the motion in:
that plane ; and as this muft be true for any number of
planes thus fimilar and fimilarly fituated, it is evident,
that if a force fhould aét upon a body, and each fec-
tion, perpendicular to the direction of the force, fhould
be fimilar on each fide the plane paffing through the di~
rection of the force, and the center of gravity of the
body, that that plane would be the plane of rotation in.
which the body would both begin and continue its mo-
tion. It appears alfo from what has been proved, that
if every fection on each fide that plane had not been fi--
milar, the plane of rotation would not zecefarily have
continued the fame after the commencement of the mo-
tion. Hence all bodies, formed by the revolution of any
plane figure, will have the axis about which they were
generated, a fixt axis of rotation; to determine, however,
every other axis of a body about which it would continue
to revolve, would be foreign to the fubjet of this paper.
Suppofing therefore the plane of rotation to continue the
fame
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fame (for in this paper I mean to confine my enquiries
to fuch cafes) imagine allthe particles of the body to be
referred to that plane orthographically, which fuppofi-
fition not affeting the angular motion of the body, the
centrifugal force of all the particles, to caufe the body
to revolve about an axis perpendicular to that plane, will
remain unaltered. Let LMNo (fig. 7.) be that plane,
and fuppofe a force to aét at A in the direction pa lying’
in the fame plane, which produce until it meets LN,
pafling through the center of gravity G, perpendicular--
ly in p; then by Cor. 2. Prop. viiI. the center of gra—
vity. ¢ will begin its motion in a line parallel to pa, or
perpendicular to LN; and confequently the center c,
about which the body begins to revolve, muft lie fome-
where in the line LN: Now the eentrifugal force of any
particle p is pxpc;. let fall pa perpendicular to LN, then
the effe¢t of that force at ¢, in a direction perpendicu-~
lar to LN, will be pxpa, andin the direction cv.it will
be pxca; butas the fum of all the quantities pxpa=o,
and the fum of all the quanties p x ca = the body mul-
tiplied into cg, it follows from the fame reafoning as in:
Prop. 1II. that the point G will continue to' move in a
dire&tion perpendicular to- LN ; and alfo, as the forces
P x ca a&t in a direction perpendicular to that in which:
the center of gravity moves, its motion muft be conti-

nued.
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nued uniform. In the following Propofitions, there-
fore, we fuppofe the axis of the body, after the com-
mencement of the motion, to continue perpendicular
to the plane paffing through the direction of the force,
and the center of gravity of the body, and that the
body itfelf is orthographically projected upon that plane;
alfo in the cafe of the a&ion of two bodies on each
other, the plane paffing through the direction of the
ftriking body and point of percuffion is fuppofed to pafs
through the centers of gravity of each body; that
the axis of each body after it is ftruck continues per-
pendicular to that plane, and that each body is reduced
to it in the manner above defcribed.

PROP X

To determine the point about which a body, when firuck,
begins to revokve. '

Let LmNo (fig. 7.) reprefent the body, G the center
of gravity, and pa the direction of the force acting at a,
which produce till it meets LN, paffling through ¢, per-
pendicularlyinthe point p; draw p4 perpendicular to pc,
on which (produced if neceflary) let fall the perpendicular
pw; ¢ being fuppofed the point about which the body be-
gins to revolve, and which, from the laft Propofition, is

fomewhere in the line LN, Becaufe the body, in con-
fequence
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fequence of the force acting at r, begins to revolve
“about ¢, and confequently if immediately after the be-
ginning of the motion a force were applied at » equal
to it, and in a contrary direction, the motion of the
body would be deftroyed, it is evident, that the efficacy
of the body revolving about ¢, to turn the body about
D, thould any obftacle be oppofed to its motion at that
point, muft be equal to nothing ; for were it not, the
body, when ftopped at p, would ftill have a fotatory
motion about that point, and confequently two equal
and oppofite forces applied at p would not deftroy each
others effets, which would be abfurd.. Now the force
of a particle p, in the direction pw, being px pc, its,
efficacy to turn the body about the point D is px pc x
pw; but by fim. triang. pw:Dd::4C:pC, . . DW =
D& x aC

, and confequently the efficacy to turn the body

about D=px DOIxAC=Ppx CAx DC~CH=Ppx CAxDC—pxpc’;

hence the fum of all the p x ca x pc— the fum of all

fum of all the p x PC*
fum of all the p x Ca ’

therefore p is the center of percuffion, the point of fuf-
penfion being at c.

Cor. From this and the preceding Propofition it ap-~
pears, that every thing which was proved in Prop.v.vI.
vil. holds here alfo in the cafe of the action of one body
on another.

the p x pc* =0, and confequently cp =

PROP,
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PROP XL

Let a body » (fig. 8.) moving with the veloeity v, firite.
tbe body Q at ré/Z in the point A, and in a direftion AD
paffing through the center of gravity of the friking
body 5 to determine the velocity of -each bedy after the
Sroke, ﬂppqﬁng them to be elafiic,

The folution of this Propofition depending 'on the
fame principles as that of Prop. I, we fhall have;. pute
ting v equal the velocity of thecemter of gravity. e af-
ter the ftroke, on fuppofition: that the bodies wre nofis
elaftic (pac beirig fuppefed perpendicular ta.an, and e
the peint about whichi the body q_begins ‘to revolve)

LOXPXCD* o xfumofallthepx €p* . 7 s
Vix Px CDE~o——+ . yand confequently

WXPXCDXCO g .o
V= ol the 5 x 30 # P cp 5 DUt it is well known,

that the fum of all the px pc*=cexcbx Q. afid hiehce

. VxPxCG = .1 3 - iE 4 hadina
V= GRCeRP XD and therefore if the bodies be fup-
2P xVXECG

pofed elaftic, we have GXCGIPXDC for the velocity of

the center of gravity G after the ftroke. Now to de~

_ . . PxVxCD
termine the velocity of », we have g==& 5 5 equal

its velocity after the firoke from fingle impact, and con-

PxVxCD = QxVxCG . .
{fequently v X CGFPXDC= QX GCLP XD 18 the velocity
loft
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Toft by p from fimple impact; hence if the bodies be
2xQxV xCG
OxGC+PxDC

tic, and confequently the velocity of p after the ftroke
2xQXVxCG _ PxDC—QxGC '
CXGCHPXDC ~ QxGCHPxDC
Cor. 1. If the direction ap pafles through ¢, then

elaftic, will be the velocity loft by » if elaf-

=V~ X V.

QT;V' = Qs velority, and

X V=P’ velocxtv, which is well known from the

ce being equalto ¢p, we have
P-Q
rrQ
common prmc1p1cs of elaftic bodies.

Cor.2. If PxDPC=QxGC, Qr P:Q:: GC: DC, then
will the body » be at reft after the froke.

Cor. 3. If @ were infinitely great, the velocity of p
after the ftroke would be = — v as it ought, for  would
then ftrike againft an immoveable obftacle.

Cor. 4. Whatever mbotion Q gains from the action of
», it would lofe, if, inftead of fuppofing e to ftrike o,
Q were to move in an-appofite diré_é\tion, and ftrike p at
reft with the fame velocity with which » ftruck o in
fuch:cafe, therefore, the velocity of Q after the ftroke

2PxGEXV . Q—2PxGC4PxDC
"QxGCHPxDC T QxGC+PxDC

Cor. 5. Hence if p be infinitely great, or Q_be {up-
pofed to ftrike an immoveable object, its velocity after

C -~ '»('(;r
the ftroke will be = e

the body _will have no progreflive motion after the
Vor. LXX. 4 F ftroke,

would: be v —

X V.

x v hence when Dc=2G¢,
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ftroke, but would in fuch cafe, if p were immediately
taken away, continue to revolve about a fixed axis. It
may alfo be obferved, that when pc is greater than 26Gc,
or the velocity of q_is pofitive, that, becaufe it is im-
poffible for Q_to continue its progreflive motion, it is
only to be underftood, thatif immediately after the im-
pact the body p were removed, the body @ would. then
proceed with fuch a velocity.

Cor. 6. Suppofe the bodies to be non-elaftic, and let
M be the magnitude of a body placed at p, which, be-
ing acted upon by p, fhall have the fame velocity ge-
nerated as was before generated in the point p of the
body @; then by the common rule for non-elaftic bo-

dies, the velocity of M after the firoke wilt be 1%:’;--‘1\-;, and
, _PxV _  PxVxDC oo nn GC
hence ; 7 = GXCGIT DO confequently M = Qx =

Cor. 7. If agiven quantity of motion were commu-
nicated to any point of the body o, the progreflive
motion of that body after the ftroke would be the fame.
For fuppofe the magnitude of the body p to be diminithed

Jine limite, and its velocity to be increafed in the fame

: PxVxCD g - .
ratio, then, becaufe GXCGTPxDC (which is the velocity of

p after the ftroke, if the bodies be non-elaftic) = (becaufe

p isipfinitely fmall) Pg C 29, the velocity of p after the

ftroke
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firoke from fimple impact is finite, confequently its mo-
tion muft be infinitely {mall, and therefore » muft have

communicated all its motion to Q: now in this cafe the

PxVxCG | _ PxV hicl )
Q_xCG+Pxé'i5)— Q> whnich quantity

is independent of the place where the force ats; inthe

velocity of o (=

fame manner it would appear if we had fuppofed the
bodies elaftic.

PR OP. XIL

Suppofing every thing given as in the laft Propofition, ex-
cept that the direction AD does not pafs through the cen-
ter of gravity g of the firiking body; to determine the
wvelocity of each body after the firoke.

Let Ap (fig. 9.) be produced to meet Fgo pafling
through g, the center of gravity of the ftriking
body, perpendicularly in r, and {uppofe o to be the
point of the body p which is not difturbed by the
action of P on Q: now it appears from Cor. 6. Prop.
x1. that if both bodies were non-elaftic, and a body

equal to Q x —E—g were placed at p, the velocity of that
body, from the action of r, would be equal to the ve-
locity of the point p of the body q_; for the fame rea-

fon, therefore, it appears, that if, inftead of {uppofing
4 F 2 P to
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p to firike q_in the direction Fa, a body equal to P.x.%f

were to ftrike Q_at the fame point and in the fame di~
rection (which direction is fuppofed to pafs-through-the

center of gravity of that body) the effe¢t on @ would be

the fame; hence, if in the quantity QT‘%)%%’ which

from the laft Prop. exprefies the velocity of the point »
after the ftroke, on fuppofition that the bodies are non-

elaftic, we fubftitute for p a body equal to » x %3, we:

. VxPxDC xgO
fhall have == XxFO+P x40 x DC

point p from the action of p; and confequently

2x VX PxGCxgO el . : g .
GXGExFOo1Px0xDC = the velocity of the center of gra-

vity G of the body q, after the ftroke, if the bodies be
perfeétly elaftic. To determine now the velocity of the
ftriking body, let of, perpendicularto og, be.the fpace
defcribed by the point o in the firft inftant of time. af=
ter the ftroke, which, asthat point is not difturbed by
the action of the bodies on each other, may reprefent
the velocity of p before.the ftroke, and let ¥& repre~
fent the velocity of the point F after the ftroke; join /2,
and draw gd perpendicular to og, and then will gd re-
prefent the velocity of the center of gravity g of the
ftriking body after the ftroke. Draw fe¢ perpendi(:ular
to Fa, and produce gd to meet fcin ¢ now the 'velocity

loft

for the velocity of the
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Ioft by P at the point F by fimple impact being equal to

_ VxPxDC xgO _ VxQxGCxFO {hal
QX GCAFOFPxgOXDC — QXGCxFOF Pxz0 %D We Thall

have &¢ the velocity loft by the point ¥, on fuppofition

v

that the bodies are perfectly elaftic (fuppofing of to re-
2 xVxQx GCxFO
Qx GCxFO+T x40 xDC’
and therefore by fim. triang. fc (F0) : cb : : fe (0g) : ed =
2XVX.QxGCxg0 .
QxGCxFOFPxg0OxDC

prefent the value of v) equal to

= the velocity loft by the center of

. ) 2xV:ix QxGCxgO
gravity g, and hence v — X GCXFO TP xz0 XD =

VxQxGCxFO+V xPxgOXDC—2x VxQxGCxgO
' Qx GCxFO+4PxgOxDC

of p after the ftroke. Now, as it appears from Prop.

= the velocity

1X. that the progreflive motion of a body, when left to
move freely, continues uniform and in the fame direc-
tion, it follows, that the expreflions for the velocities
of each body in the firft inftant afterthe ftroke, hoth in
this and the '.breceding Propofition, will reprefent the
uniform progreffive velocities with which the bodies will
continue to move, and confequently the place of each
body, at the end of any given time after impact, may
eafily be determined.

Cor. 1. If the direction Fa pafles through g, then ro
2X VxPxGC
QxGC+PxDC

VxPxDC-VxQx GC -
X GCTFXDC for the

and go becoming infinite, we fhall have

for the velocity of o, and

velocity
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velocity of p, agreeable to what was proved'in the laft

Propofition.
Cor. 2. Hence the point about which p begins its ro-

tatory motion may eafily be found ; for produce (if ne-

ceflary) f4 and or to meet in ¢, and ¢ will be the point

, . , VXQXGCXFO
required; and by fim. triang. bc (= B o0 f;) 50

; GCXFO 4+ PXg
1efiifo(=v):oa=23X fo;PG’égoxDC, and hence

g = PXEOXDC—QAXGCXOF
2XQXGC

Cor. 3. If, inftead of fuppofing Q_to have been at
reft, it had been moving forward in a direction parallel
to that of the body p, with the velocity v, the motion
of each body after the ftroke may eafily be determined :
for confidering p asacting upon Q withthe velocity v—ov,
we fhall have by this Propofition (putting 2M =

PXGCXGO — .
&% Géxf?o +>Ifx.g0 <pe)V —v x 2M = the velocity commu-

nicated to G, therefore v +v—o x 2M = the velocity of Q
CD

after the ftroke: alfo v—0xM x &g = the velocity gained

by the point p from fimple impact, and confequently

. . — cD
the velocity of that point after =v+v—vxMx 5, hence

v-—ru—v-‘vaxgg: the velocity loft by » at the point
¥ from fimple impad, therefore ®'s velocity after the

{firoke .—:v—-v-w—v-vxnlxx%x%‘%g. In the fame

2 manner
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manner it might have been determined; had Q moved

in an oppofite direction.
Cor. 4. Hence alfo we may eafily determine the mo-

tion of each body after the ftroke, fuppofing o_had not
been moving in a direétion parallel to the motion of p,
by refolving Q’s motion into two parts, one parallel to
the motion of p, and the other perpendicular; and
finding by the preceding what would be the effe¢t of the
parallel motions, and then compounding Qs motion, af-
ter the ftroke from that confideration, with the motion
it had in a dire¢tion perpendicular thereto before the
ftroke. :

Cor. 5. The point a of the body ¢ will defcribe (when
that body after the ftroke has any progreflive motion)
the common cycloid.

Cor. 6. Hence, therefore, the times of the revolutions.
of each body may be determined as.in Prop. vI.

Cor. 7. If the bodies had any rotatory motion before
impadt, every thing relative to the motion of the bodies
after the ftroke might have been determined from the
fame principles.

o %
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